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The Earth’s principal axes and principal moments of inertia, was estimated from the least-squares adjustment of gravita-
tional harmonic coefficients of second degree of recent global Earth gravity models including EIGEN-1S solution and the 
dynamical ellipticity derived from the precession constant through VLBI. The estimation was made for the time-independent 
components (at epoch) of the Earth’s inertial tensor and the time-dependent components of the tensor of inertia, based on 
given information on the secular and periodic variations of harmonic coefficients of second degree.  

 
О МЕХАНИЧЕСКИХ И ГЕОМЕТРИЧЕСКИХ ПАРАМЕТРАХ ЗЕМЛИ, Марченко А.Н. – Выполнено совместное урав-
нивание астрономических и геодезических фундаментальных постоянных с целью установления основных 
динамических параметров Земли на принятую эпоху. Решение задачи проиллюстрировано на примере определения 
как временно-независимых (на принятую эпоху), так и временно-зависимых параметров динамической фигуры Зем-
ли с учетом вековых и длиннопериодических вариаций внешнего гравитационного поля планеты.  

 
ПРО МЕХАНІЧНІ ТА ГЕОМЕТРИЧНІ ПАРАМЕТРИ ЗЕМЛІ, Марченко О.М. – Розглянуто спільне узгодження аст-
рономічних і геодезичних фундаментальних сталих з метою встановлення основних динамічних параметрів Землі на 
прийняту епоху. Розв’язування задачі проілюстровано на прикладі визначення як незалежних від часу (на прийняту 
епоху), так і залежних від часу параметрів динамічної фігуры Землі з врахуванням неперіодичних неприпливних варі-
ацій зовнішнього гравітаційного поля планети. 

 
1. INTRODUCTION 

Current estimation of the Earth’s mechanical and geometrical parameters of common relevance of 
Astronomy, Geodesy, and Geodynamics represents traditionally one of the basic objectives of different 
Commissions and Study Groups of the IAG (see, for instance, Groten 2000). Consistent sets of the Earth’s 

mechanical and geometrical parameters associated with the degree 2 coefficients mC 2 , mS 2  of the spherical 

harmonic expansion of the geopotential and the Earth’s inertial tensor was obtained recently by (Marchenko and 

Schwintzer, 2001; Marchenko and Shwintzer, 2002). The Earth’s principal axes ( A , B ,C ), principal moments 

of inertia (A, B, C), and other fundamental constants were estimated in the mentioned papers from satellite-
derived gravitational harmonic coefficients of second degree in global Earth gravity models and from the 
dynamical ellipticity resulting from the precession constant observed through VLBI. This paper will focus on 
further current determination of the Earth’s fundamental parameters, involving the recent gravity field model 
EIGEN-1S in this solution. 
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2. ADJUSTMENT OF ASTRONOMICAL AND GEODETIC PARAMETERS 

The fully normalized harmonic coefficients mC 2 , mS 2  are selected from the following gravity field satel-

lite solutions: two models resulting from a combination of satellite tracking, altimetry and gravimetry data, JGM-
3 (Tapley et al., 1996) and EGM96 (Lemoin et al., 1998), and two satellite-only models, GRIM5-S1 (Biancale et 
al., 2000) and EIGEN-1S (Reigber et al., 2001). EIGEN-1S is a satellite-only gravity field model including 88 
days of CHAMP data, which contains fully normalized spherical harmonic coefficients complete to degree/order 
100 with higher terms up to degree 119. Various time variable coefficients in these models are referred to differ-
ent epochs with a spacing of 11 years. The following transformations were made beforehand. 1) Prediction of the 

JGM-3 and EGM96 )(2 tC m , )(2 tS m  to the chosen epoch 1997. 2) Scaling of these coefficients to common 

values GM and a. 3) Reduction of 20C  to an adopted tide system. For the transformation from ZC 20 , in the zero-

frequency tide system, to fC 20 , in the tide-free system, the standard reduction Z
Zf CC   - 2020  

( 5/3.0103.1108 -8  Z ) was applied.  

The best fitting principal moments of inertia and second-degree harmonic coefficients in the principal axes 
system are found from the least-squares adjustment, involving these four global gravity field models and six dif-
ferent values for the dynamical ellipticity (Williams, 1994; Souchay and Kinoshita, 1996; Hartmann et al. 1997; 
Bretagnon et al. 1998; Roosbeek and Dehant, 1998; Mathews, 2000) all transformed to common precession con-
stant (see Table 1). From the values of HD given in Table 1 the estimations of Hartmann et al. (1999) and 
Mathews (2000) differ in the adopted precession constant. To transform the associated quantities to the common 

yr/7287.50 Ap  the differential relationship of Souchay and Kinoshita (1996) AD pH  7104947.6  

(obtained according to the rigid Earth’s precession-nutation theory) was used to compute the values HD given in 
brackets in Table 1.  

Note also that the first 5 values of HD were derived in the frame of the rigid Earth’s precession-nutation 
theory. According to Mathews (2001, Private communication) after removing the non-rigidity contribution from 
the new “non-rigid” value /yr328792.50 Ap , which are corresponded to the MHB2000 theory, “the reduced 

value for HD becomes 0.0032737667, which differs by only 1 in the last digit”. 
To transform the values HD from J2000 to 1997, an additional correction h was applied. In view of Yoder 

et al. (1983) the non-tidal variation C in the moment of inertia C as a function of 20C  only (secular variation in 

the second-degree zonal coefficient), the equation (3) for HD, and the treatment 2CBA   “as zonal 

forces do not change the revolution shape of the body” (Melchior, 1978), we come to the condition for the trace 
TrI = const of the Earth’s tensor of inertia I (Rochester and Smylie, 1974) and by this get immediately the secular 

Table 1. Determinations of the dynamical ellipticity HD 

Reference Precession constant 
pA  [/yr],   J2000 

HD 
Epoch = 2000 

HD 
Epoch = 1997 

Williams, 1994  50.287700 0.0032737634 0.00327376364 
Souchay and Kinoshita, 1996  50.287700 0.0032737548 0.00327375504 
Hartmann et al., 1997, 1999  50.288200 

(50.287700 )a 
0.003273792489 

(0.0032737600)a 
 

0.00327376024 
Bretagnon et al., 1998 50.287700 0.003273766818 

0.000000000023 
0.00327376705 

Roosbeek and Dehant, 1998 50.287700 0.0032737674   0.00327376764 
Mathews, 2000  50.288018 

0.000008 
(50.287700 ) a 

0.0032737875 
0.0000000005 
(0.0032737668)a  

 
 

0.00327376708 
      a Transformed to common value of precession constant 
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Numerically we get 
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using the observed secular rate 11
20 10)040165531881(  ..C yr-1 of change in the second-degree zonal coef-

ficient, taken from the GRIM5-S1CH1 model (GFZ/GRGS internal solution, 2001) that gives h = 2.3610-10 for 
the reduction of the HD values from the year 2000 to 1997. So that HD used in the following adjustment are the re-
duced ones (see Table 1). 

With the normalized 2nd degree harmonic coefficients 20A  and 22A  given in the principal axes 
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and the trace of the Earth’s inertial tensor 

   mD IHACBA 3/325Tr 20 I  , (6) 

are straightforward. So that we get a direct dependence of A, B, C, TrI, and the mean moment Im of inertia on the 

adopted treatment of the permanent tide in the 2020 AC   coefficient. Only the difference 

3/152 22AAB   is dependent slightly of a permanent tide system. The zero-frequency tide system ap-

proximates better the real figure of the Earth. It is assumed that the HD values also are related to this system, 
although this problem is not discussed in the precession - nutation literature.  

The Earth’s principal moments of inertia A, B, C are determined from a least-squares adjustment of the as-
tronomical and geodetic parameters, based on the solution of the linearized system of equations (3). As 
observations are taken the 6 values of DH  from Table 1 at epoch 1997 and the 4 sets of harmonic coefficients 

20A , 22A  in the principal axes system (all chosen at epoch 1997), computed according to the closed expressions 

given in (Marchenko and Abrikosov, 2001) from the coefficients mm SC 22 ,  of the JGM-3, EGM96, GRIM5-

S1, and EIGEN-1S gravity field models. The adjusted in this manner final value of the dynamical ellipticity is 
 0000000035.0470032737634.0 DH     (epoch = 1997) . (7) 

Note that derived in the same way value of the dynamical ellipticity at epoch 1997 is 
0000000032.0470032737634.0 DH  (Marchenko and Shwintzer, 2002), where GRIM5-S1CH1 solution was 

used instead of the EIGEN-1S gravity model. 
 
3. ADJUSTMENT OF GEODETIC PARAMETERS 

Let us express the vector g of the harmonic coefficients mC 2  and mS 2 , adopted in the frame XYZ, via the 

vector  T2222212120 ;;;; BABAAZ g
 
 given in the close to XYZ coordinate system XYZ whose axis Z has a 
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small displacement from the axis Z of the Earth’s pole coordinates magnitude. By applying the same approach as 
discussed in (Marchenko and Schwintzer, 2001) we will use the relationship Z  gPg  with the matrix P writ-

ten in the following form 

 












































10
3

2

01
3

13

13

3
2

3
33

2

2

2

2

2

21

pp
pp

pp

pppppp

pppppp

pppp

xy
yx

yx
s

xyyyxy

yxyxxx

yx
s

yx
s

P  ,  (8) 

where 22
1 pp yxs  , 22

2 pp yxs  . Since the determinant Det(P)0, there is the inverse linear transformation  

 
gPg  


1

Z  , (9) 

where the matrix P-1 was derived also in an analytical way. By this the expression (9) allows to compute all coef-

ficients mA2  and mB2  related to the axis Z. According to (9) then 21A  and 21B  read  

Table 2. Results of a simultaneous adjustment of the mC 2 , mS 2  parameters (zero-frequency-tide system; 

GM = 398600.4415 km3/s2; a = 6378136.49 m; 004.0 px , 034.0 py ; 

0000000035.0470032737634.0 DH ; 1110)270.0864.7( DH  yr-1; epoch: 1997)  

Parameter JGM-3, EGM96, GRIM5-S1, EIGEN-1S 

Solved  
6

20 10C  -484.169355  0.000008 

6
21 10C  -0.000165  0.000015 

6
21 10S  0.001379  0.000014 

6
22 10C  2.439289  0.000010 

6
22 10S  -1.400263  0.000010 

Derived  
610)(  AC  1086.266674  0.000022 

610)(  BC  1079.004505  0.000022 

610)(  AB  7.262169  0.000025 

A  0.32961435  0.00000035 
B  0.32962161  0.00000035 
C  0.33070062  0.00000035 

3/)( CBAIm   0.32997886  0.00000035 

ABC /)(   (3273.5362  0.0035) 10-6 

BAC /)(   (3295.4960  0.0035) 10-6 

CAB /)(   (21.9600  0.00008) 10-6 

f1  298.256490  0.000008 

ef1  91437.5  0.3 
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where 111  sp , 212  sp , 313  sp  and the coefficients 21A  and 21B   must be zero at a reference 

epoch by definition, if the axis Z and the figure axis C  are coinciding. The obtained differences from zero lead 
to the conclusion that each of the considered gravity models is referred to its own reference system.  

To avoid these differences only one set of the harmonic coefficients mC 2  and mS 2  (at epoch 1997) was 

determine from the least squares adjustment as in the preceding solution (Marchenko and Schwintzer, 2001). For 

4 adopted gravity models we compute the harmonic coefficients )(
2

j
mA , )(

2
j

mB  (j = 1, 2, ... 4). So that the vector 

Z g  consists of 5 coefficients )(
2

j
mA , )(

2
j

mB  for each j. Further we consider (9) as the linear observation equation 

system with respect to the 5 unknowns mC 2 , mS 2  of the vector g.  The inverse matrix P-1 of this system de-

pends only on the mean pole coordinates selected at epoch 1997. Two additional conditions are added to the 
equation system (9) according to (10) with zero left-hand sides.  

Taking for all 4 gravity models the harmonic coefficients )(
2

j
mA  and )(

2
j

mB  in the XYZ frame as observa-

tions, we get in this way the adjusted mC 2 , mS 2  coefficients at epoch 1997, given in Table 2. These harmonic 

coefficients restore exactly the adopted mean pole coordinates xp = 0.040, yp = 0.340. Table 2 contains also the 
geometrical polar f  and equatorial ef  flattening at epoch 1997 and other derived parameters based on the ad-

justed before dynamical ellipticity (7). The orientation of the principal axes A , B , and C  are computed for 
each of the four individual gravity field models and for the adjusted set of second degree coefficients (Table 3).  

 
4. CONCLUSIONS 

Table 4 summarizes the geodetic and astronomical fundamental Earth parameters given at two different ep-

ochs and demonstrates their temporal changes caused by )(21 tC , )(21 tS (or the long-periodic model 

(Marchenko and Schwintzer, 2001) for the mean pole coordinates )( tx p , )( ty p ) and the secular variation 

20C , taken from the GRIM5-S1CH1 gravity field model. The condition 2CBA   to conserve the trace 

Table 3. Spherical coordinates of the principal axes and their uncertainties (epoch = 1997) 

Gravity field 
model 

 A ) 

[degree] 

 A  

[degree] 

 B ) 

[degree] 

 B ) 

[degree] 

 C  

[degree] 

 C  

[degree] 
JGM-3  -0.000033 

0.000003 
345.0709 
 0.0004 

   0.000076 
 0.000003 

 75.0709 
 0.0004 

 89.999917 
 0.000003 

278.75 
 1.92 

EGM96  -0.000039 
0.000003 

345.0712 
 0.0006 

   0.000087 
 0.000003 

 75.0712 
 0.0006 

 89.999905 
 0.000003 

279.05 
 1.67 

GRIM5-S1  -0.000034 
0.000002 

345.0711 
 0.0001 

   0.000085 
 0.000002 

 75.0711 
 0.0001 

 89.999908 
 0.000002 

276.88 
 1.33 

EIGEN-1S  -0.0000353 
0.0000006 

345.07110 
0.00005 

  0.0000894 
0.0000005 

75.07110 
0.00005 

89.9999040 
0.0000005 

276.60 
 0.33 

Adjusted mC 2 , 

mS 2
 (Table 2) 

 -0.0000351 
0.0000010 

345.07111 
0.00010 

  0.0000884 
0.0000009 

75.07111 
0.00010 

89.9999049 
0.0000009 

276.71 
 0.62 
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of the Earth’s inertial tensor when changing 20C  was applied again. Residual long-periodic fluctuations in TraceI 

(of the 10-14 yr-1 order) are explained now by the time-varying 21C , 21S  coefficients adopted in the XYZ frame and 

require an additional non-linear reduction in  tHH DD   computed in the principal axes ABC system. 

All these values represent the consistent system of parameters, which were found by a simultaneous 
adjustment of the most recent geodetic and astronomical observations. Nevertheless, the comparison of their 
time evolution with the standard deviations  gives significant results only for the first set of parameters coming 
from satellite geodesy (Table 4). Second subset requires a more careful study of parameters’ transformation into 

ABC system in view of some additional effects induced by the 20C , 21C , 21S  changes and the adopted reference 

frame. Despite of small differences with respect to parameters from previous solutions we come again to 
obtained in (Marchenko and Schwintzer, 2002) qualitative result: “Differences in the principal moments of 
inertia turn out to change significantly over the time interval from 1962 to 2000, whereas changes in the absolute 
values cannot be reliably resolved due to the uncertainty in the dynamic ellipticity”.  
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