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Basic methods of the representation of planet’s gravitational and magnetic fields were considered for time-independent and
time-dependent potentials. Parameterization of planet’s radial density profile was chosen in Gauss’ way as normal law. The
latter leads to hydrostatic-adiabatic their models with a good modeling of the global trend of the known piecewise density
distributions.

O IIPEJ[CTABJIEHUH TPABUTAIJHMOHHOIO U MATHHUTHOI'O ITOJIEH ITJIAHET. PAJJUAJIBHOE PACIIPEJJEJIE-
HUE [IJIOTHOCTHU IIVIAHET, Mapuenko A.H. — PaccmompeHnvl 0CHOBHble MemoObl ONUCAHUS 2PABUMAYUOHHO20 U
MASHUMHO2O0 NOJISL NAAHEembl KAK 8 CIAmu4eckoM ciyuae, mak u 0Jisi BpEMeHHO-3a8UcumMo2o nomenyuana. Ilapamempusayus
pacnpeoenenus RAOMHOCMU NIAHem 6blOpana 6 euoe HOpPMaibho2o 3axkona Iaycca, wmo npugooum Kk 2UOpPOCmMamuyecKu-
aduabamuyeckum Ux MOOENsIM, XOPOUIO ORUCHLIBAIOWUM  2LOOAIbHBIIL  MPEHO U3BECMHBIX  KYCOYHO-HENPepbleHble
pacnpeoenenuil.

IIPO TIPELCTABJIEHHA T'PABITAIIIHHOIO TA MATHITHOIO IIOJIIB ITVIAHET. PAIIAJTBHUH PO3IIOALT
TI'YCTUHU TIVIAHET, Mapuenko O.M. — Posensnymo ocHoGHI Memoou ORUCAHHA 2pagimayiiino20 ma MAcHimHO20 NOJie
naanemu AK 'y CMAamuyHomMy 6unaoky, max i Ons 3anexicroz2o 6i0 yacy nomenyiany. Ilapamempuszayis po3nodiny sycmunu
nnavem eubpana y euenaoi HopmanbHo2o 3akony I ayca, wo npueooums 00 2iopocmamuyHo-adiabamuynux ix mooeneu, sAKi
0obpe onucyroms 2100a1bHUL MPEHO 8I0OMUX KYCKOBO-HENepepeHUX po3nooilis.

1. INTRODUCTION

First we start from a short review of fundamentals of the Newfonian potential. 1t is well-known, that the
gravitational potential of a solid body (planet) may be expressed by Newtonian integral

el [

where G =6.673-10® cm® g sec™ is the gravitational constant; p is the volume density of this body; dv is an
element of the volume v; dm is an element of mass; ¢ is the distance between the mass element dm = pdv and
the attracted point P with unit mass. It can be easy verified by differentiating (1) that the force F of attraction of
the current point P is given by
F=(F, ,F, F.)=gradV . )
Both the potential (1) and it first derivatives are continuous throughout the whole space (Euclidean three-
dimensional space RY). Besides, the function (1) vanishes at infinity like 1/¢ and it first derivatives at infinity
are vanished as 1/¢° for ¢ — oo . Therefore the potential ¥ is the so-called regular function at infinity. The

second derivatives of ¥ are not continuous throughout the Euclidean space R?, because the potential (1) satisfies
to Poisson’s equation
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The density p is equal to zero outside the attracting masses (body) and we obtain from (3) the famous Laplace
equation

AV

= —4nGp . 3)

AV =0. “
Hence, the equation (4) leads to important conclusion that the gravitational potential (1) is the harmonic function
outside an attracting body. Inside the Earth V satisfies to Poisson’s equation.
Gravity potential of a solid body (planet) is the simple sum (8) of the potentials of the gravitational force F
and the centrifugal force Q, that is
W=grad Q=(Q, .0, .0, ), )
where

Qzéwz(x2+y2), (6)

is the centrifugal potential on the unit mass; ® is the angular velocity of a planet’ rotation. For the components of
the centrifugal force Q we get from (6):

Q, =o'y, Q =0y, Q, =0. (7
Thus, by this definition the gravity potential # may be formed as
w=rV+Q. ®)
Note then the gradient of the gravity potential /¥ is the gravity vector g:
g=grad WV = a_W’a_W’a_W , 9)
ox Oy Oz
with the following components
g, =F.+Q,, g,=F,+Q, g . =F +0. (10)

This gravity vector is the resultant of the gravitational force (2) and the centrifugal force (5) of a planet’
rotation. It can be verified by differentiating (8) that outside a planet the gravity potential (8) satisfies Poisson’s
equation in the next form

AW =207 . (11)
In other words, the gravity potential W is the non-harmonic function outside the Earth. The magnitude of (9)

may be formed as
g=\gi+g;+gl . (12)

Direction of the gravity vector (9) is the so-called direction of the plumb line or vertical.

Thus, in accordance with (2) we may see that the force vector F or it three components can be replaced by
one function V" only (Heiskanen and Moritz, 1967). The same results can be found for cases of the Earth and
planet’s gravity potential (8). For this reason, the determination of planet’s gravity fields can be replaced by the
determination of their gravity potential. This fact corresponds, in particular, to the main aims of physical
geodesy: if the function W is found, we may know all level surfaces including the geoid from the following
equation

W(x,y,z)= const . (13)

Now we recollect that the gravity vector or force vector (9) is normal to the equipotential surface (13)
passing through the same point. For this reason the level surfaces (13) and corresponding plumb lines may be
used as curvilinear coordinates. For example, the quantities (®, A, W,) are the so-called natural coordinates
(Heiskanen and Moritz, 1967), which are connected with the components of the gravity vector g as

®=sin"'(-g,/2), A:tan_l(gy/gx), W =W(x,y,z). (14)
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As a result, the geographical coordinates (the latitude ®@ and the longitude A) are entered only by means of the
three components of the force vector grad W that corresponds to the physical approach of introducing the three-
dimensional coordinate system of a planet. Now our following goal is the consideration of various mathematical
aspects of the practical representation of time-dependent gravitational and magnetic potentials of the Earth and
planets.

2. A FIRST LOOK AT LAPLACE-LEGANDRE-GAUSS-MAXWELL SPHERICAL HARMONICS

Starting with fundamental investigations of Laplace, Legendre and Gauss in different areas of the Earth's
and planet’s study, the classical mathematical description of their gravitational and magnetic fields becomes the
expansion into a series of solid spherical harmonics. Now such form of the representation of potential may be
considered as one of the best ways for a solution of scientific problems in a global scale. At present, it can be
said that the description of the Earth's and planet’s potentials by the solid spherical harmonic series of Laplace-
Legendre-Gauss kind has the interdisciplinary meaning. Identical representation was developed by Maxwell
(1881) and partly by Gauss (1877) as the so-called poles theory or theory of multipole potentials (see,
Marchenko, 1998). For this reason we shall call this theory further as Laplace-Legendre-Gauss-Maxwell
spherical harmonics applying it for the description of planet’s gravitational and magnetic fields.

We start from the expansion (1) of a planet’s gravitational potential ¥ into a series of the solid spherical

functions V,:
V= ZV,, . (15)
n=0

Every function V,, is connected with the surface spherical function Y,, as

=Y, /r" (16)
where Y, is represented by the linear combination of the zonal, tesseral, and sectorial spherical harmonics

Y, =GM -a" Z(@m cosmh+S,, sinmk)ﬁnm (cos9) , (17)

m=0
and every Y, is characterized by (2n+1) linear independent harmonic coefficients. In (16) and (17) GM is the
product of the gravitational constant on the planet’ mass; a is the semimajor axis of its ellipsoid of revolution;

(r,9,1) are the polar coordinates of an external point; P, (cos9) are the fiully normalized associated Legandre

nm

functions; C. .S

m»Sum are the fully normalized harmonic coefficients.

These coefficients are called also by Stokes’ constants, since each of them may be expressed as integral
containing the following consistencies
Cnm

’ rn+2 COSWZ}\, g ’
_nm L — (r,9"1)-r P, (cos9')-sin'dr'd9'd)r’, (18)
S (2n +1)- sinm)’

nm
planet

rn+2

where r is (n+2)-degree radius vector of a variable mass element; 3', A" are the spherical coordinates of

this mass element; P, (cos9')cosmL’ or P, (cos9')sinm)’ are the corresponding spherical harmonics;

p(r',9',1") is the density at the point (»',9',1"), (Heiskanen and Moritz, 1967, p.59).

Thus, we have considered the first - classical treatment of the expansion (15)-(18), as the power series
expansion, provided by Laplace, Legandre, and Gauss in their fundamental works. Such treatment leads to the
well-known ,,convergence problem* of the expansion (15) on the Earth’s (planet) surface that, in principle, has
only theoretical meaning (Moritz, 1980). For instance, C.F. Gauss has admitted the convergence of (15) on the
Earth’s surface.

The second - approximate treatment of the expansion (15) is connected with Runge—Krarup theorem
(Krarup, 1969; Moritz, 1980), which is formulated usually in the following way.
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Runge - Krarup theorem. Given may be any function ¢ harmonic outside the Earth's surface t and regular
at infinity as well as a sphere op (the so-called Bjerhammar sphere or regularization sphere) located inside
the Earth. There exists a sequence of functions {@,} harmonic outside oy and regular at infinity converging
uniformly to the function ¢ on and outside an auxiliary surface T (with finite curvature), which may be
arbitrarily close to and surrounding completely the Earth’s surface .
A detailed discussion of the definition of spaces and the problem of gravity field approximation can be
found in (Neyman, 1979; Moritz, 1980, etc.). So, according to the Runge-Krarup theorem the anomalous

potential 7 =W —U (where U is the normal potential) may be found, for instance, among the potentials T,
which are regular outside the internal Bjerhammar sphere (op). Such approximation profits from the

advantageous replacement of the complicated planet' surface t by the simple spherical surface 63 as boundary,
because planet surfaces are close to a spherical surface in the first iteration. In any case, the approximated

function T is defined outside t on a set G of points and the approximating function T is defined outside the
internal sphere 65 on a set X of points of the three-dimensional Euclidean space R’. Note finally that this
theorem may be considered as a three-dimensional analogy of the well-known Weierstrass' theorem on the
approximation of any continuos function y = f(x), defined on the interval [a, b], by polynomials.

3. THE EARTH’S TIME-DEPENDENT GRAVITATIONAL POTENTIAL
Determination of temporal variations in the Earth’s gravitational field becomes one of non-traditional

problems in geodesy. As an example, the secular variation 520 in the 2nd degree zonal harmonic coefficient of

geopotential was recommended (Bursa, 1992) as a parameter for the aims of IERS (IERS Standards, 1989).
Clearly, the possibility of determination of temporal variations of the time-dependent geopotential V=V(r)
connects directly with the wide spectrum of various measurements and their level of accuracy. In (Moritz and
Mueller, 1987, p. 522-523) we find: “It should be possible to measure temporal variations of the gravity field of
the Earth through the deployment of several LAGEOS-type satellites, dense radio-beacon satellites, or long-
lifetime, drag-free satellite(s) using improved laser (or radio) ranging”. Temporal variations of the Earth’s
gravitational harmonic coefficients are currently estimated today from the satellite data and they are “due to Iuni-
solar tides, meteorological mass redistribution and postglacial rebound of the solid Earth” (Cheng et al., 1989), see
also (Yoder et al., 1983; Rubincam, 1984).

At the recent General Assembly of IUGG in the Report of Special Commission 3 on ,,Fundamental
Constants* the more detailed values (see, Table 1) were recommended by (E. Groten, 1999), which were found
on the ground of the Earth’s gravitational potential model EGM96 by (A. Marchenko and O. Abrikosov, 1999).
Further we shall study the description of the time-dependent gravitational field in view of Laplace theory of
spherical harmonics and shall consider below two parameterizations of the time-dependent anomalous potential
T(P, t) only in the finite interval [c, d] of time t€(c, d].

On the one hand, some low-degree temporal variations of the Earth’s gravity field have a weak dependence
on time (¢). In the case of the Earth’s main magnetic field there exists a more essential dependence on time ¢ both
in low and in high frequencies. These two potentials can be studied on the whole as one Newtonian time-
dependent potential (without zero degree solid spherical harmonics) in view of the well-known measured
peculiarities of temporal variations in these fields.

On the other hand, for the Earth’s time-dependent potentials we have not such rich theoretical background
as in the case of the anomalous time-independent potential. In this area some theoretical considerations regarding
to the geodynamical or time-dependent geodetic boundary value problem were investigated (see, for instance,
Heck, 1987; Sacerdote and Sanso, 1987; etc.). Nevertheless, various sets of the so-called low-degree secular
variations in the Earth's gravitational potential were determined from the satellite data in the frame of liner
model.
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Table 1. Parameters of the linear model of the potential of 2nd degree *)

Harmonic coefficient Value of coefficient x10° Temporal variation x10'" [yr']
Ca -484.165371736 1.16275534
Ca -0.00018698764 -0.32
521 0.00119528012 1.62
C» 2.43914352398 -0.494731439
522 -1.40016683654 -0.203385232

3.1. LAPLACE-MAXWELL-TAYLOR PARAMETERIZATION

First of all we start from Laplace-Maxwell representation of the time-dependent Earth's anomalous
potential 7(P,¢) by a series of solid spherical harmonics which may be written according to (Moritz and Muller,
1987; Marchenko, 1998):
rp.y=M (ﬁj Z((?nm ()cosmh+3,, (t)sinmd)P,, (cos9), (19)

r n=2 r m=0

Con (D), S,
normalized time-dependent harmonic coefficients of the expansion (19). In the case of only secular variations of

harmonic coefficients we apply usually their well-known (truncated) Taylor’s form

Con®] _[Con | [T |
§nm<t>}_{§m}+{§ }(t ) e

nm

where (r, 3 1) are the polar coordinates of an external point P; ¢ is current time; C (¢) are the fully

nm nm

where ¢ is any current moment of time; #, is the reference epoch; C,,, S,, are the temporal (secular)

variations.

Note that the possibility of the representation (19), that is the function T(P,t)=T(r,9,A;t), may be
obtained as the corollary of the Runge-Krarup theorem. Briefly, because the function T(P,t)=T(P;t = const)
may be considered as an element of the Hilbert space H,(X) of harmonic, outside the Bjerhammar sphere,
functions (in the domain X), hence for every t = const from T(P;t=const) e H,(X), the expansion (19) is
correct (Marchenko, 1998). Also, an additional establishment of the similar assertion for the time-dependent
gravitational potential ¥ =V (P,t) requires the additional consideration, because the Runge-Krarup theorem was
introduced only for an approximation of the time-independent anomalous potential 7 =T(P). Thus, the

relationships (19) and (20) express the time-dependent potential in the form of Laplace-Maxwell (or Laplace-
Maxwell-Taylor), since all estimations of secular variations lead in practice to their actual degree (n > 2).

3.2. LAPLACE-MAXWELL-CHEBYSHEV PARAMETERIZATION

There exists another form of a mathematically homogeneous representation of time-dependent parameters,
which was developed especially for a fast solution of some geodynamical direct problems (Marchenko, 1998).
This approach based on Chebyshev-Fourier series and was used successfully for the homogeneous description of
the next time-dependent phenomena: the Earth’s solid and ocean tides, nutation and tidal variation of UTI as
well. This additional revision of traditional theories arises in consequence of the practical solution of the
differential equations of satellite motion because the numerical integration of these equations requires the

*) In contrast to the Table 1, EGM96 model includes only non-zero 2nd degree secular variations 620 , 521 and §21 .
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computation of force-vector components in any current time (f). Obviously, a mathematically heterogeneous
(and cumbersome) model of motion leads in practice to additional time expenses. For instance, by direct
applying the IERS recommendations (1989) we come to various mathematical functions, which depend on
several time-dependent variables (from 1 up to 6). Practically we may find the following mathematical functions,
which were proposed in the IERS Standards: the simple polynomials, Legandre’s polynomials, Chebyshev’s
polynomials, trigonometric functions, special functions, etc. For this reason, all these traditional time-dependent
parameters were transformed into a mathematically homogeneous Chebyshev’s expansions on a certain time
interval. As a result, the coefficients of such expansions were derived in the closed form as various functions of
time ¢ or one variable only.

Below we apply this approach to another parameterization of the time-dependent potential 7 in the form of
Laplace-Maxwell-Chebyshev. Briefly, we come to the series

7(p, z)——Z[ ) Z{Z(E"m cosmi+ Sk, sinmk)-Tk(z)}f_’nm(cosS), @1

k=0
which may be used especially for the Earth’s time-dependent anomalous potential 7(P, f) because real studying
T(P, ¢) is defined on the finite interval [c, d] of time ¢€[c, d]. Note now, the expression (21) can be found firstly
by introducing the linear transformation

1
=E[(d—c)z+(c+d)] , (22)
of the interval [c,d] into the standard interval [-1,1]. Secondly, let us consider another function
T (P,z),z € [— 1,1] instead of the function T (P,t),t € [c,d ] at every point P = const . This connects mainly with
the transformation (22) of the initial coefficients 5,”,, (1), Enm (¢#) in the expansion (19). Finally we introduce
(z) as the functions of “standard time” z e [~ 1, 1] and write
Con (| _N"Co
~ :Z Ty (2) (23)
Snm (Z) k=0 Snm
These expansions into Chebyshev’s polynomials 7;(z) are converging uniformly in the interval [-1, 1] if the

initial coefficients satisfy to the well-known Dine condition. Thus, instead of the expansion of the function
T(P,t),t €[c,d] we come to (21) in the standard interval [ 1, 1] with the variable z €[~ 1,1] defined by (22).

some new coefficients C n(Z), Snm

Now we can compare the expansion (20) of Enm (1), §nm (¢t) into Taylor’s series at the neighborhood of

the point £, (by neglecting the terms of order two and higher) with Chebyshev’s approximation (23). Returning in
(23) to time ¢ (instead of the variable z) and comparing (20) with (23), as the power series, for first two terms of

(20) we find
Con o
5 } Z( 1) {QM Jif 1= (d - )2, 24)
= 2k-1
gm} (dzc)z( bk 1){%’21 ' 2
nm k=1 ”Wl

Thus, we come to an extremely important conclusion. The expression (24) is nothing else, but the time-
independent (stationary or permanent) part of the harmonic coefficients, which are connected with Chebyshev’s
coefficients of even degrees. The coefficients (24) correspond to the ,,static* Earth without any temporal changes
in its gravitational potential.

Another relationship (25) admits a remarkable and natural interpretation also. It is nothing else, but the
secular variations of potential coefficients, which are connected with the certain sum (25) of Chebyshev’s
coefficients of odd degrees.
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Finally we note again that variations of spherical harmonic coefficients of 14th tidal waves were derived
(Marchenko, 1998) as Chebyshev’s coefficients of the expansion (23) in the closed form. The latter, on the one
hand, leads to the creation of the Earth’s time-dependent/geodynamical model (21) of the geopotential. On the
other hand, by applying Chebyshev’s coefficients of the even degrees we get from (24) the coefficients of the
stationary or permanent deformation of the Earth’s. It is easily seen that in the case of the solid Earth’s tides this
formula (24) leads to the so-called Honkasalo correction. Thus, step by step the proposed study leads to the
sequential investigation of the both time-independent (24) and time-dependent (25) consistencies of the Earth’s
potential and other geodynamical phenomena.

3.3. ANALYTICAL MODEL OF THE EARTH’S MAIN MAGNETIC FIELD

The representation (21) may be useful in a description of the temporal variations C,, , S, . Of the Earth’s
gravitational potential with the aim of their permanent monitoring. However, at present we have several
determinations of these values (n=2,3,4) only on a very short time interval. Because the Earth’s main magnetic
field is time-dependent essentially, we can construct the corresponding analytical model of the kind (21) for the

Earth’s magnetic potential ®(P, £), which traditionally may be represented in Gauss’ form

nm >

x n+l _1 _
D(P,1) = RZ@) Z(gnm (t)cosmh+h, (1)sinmh)P." (cos9) (26)
=1 m=0

where R is the mean radius of the Earth; g, (¢), h,, (t ) are Gauss’ quasi-normalized harmonic coefficients

and }=’n'" (cos$9) are the quasi-normalized by A. Schmidt associated Legandre functions.

Since the starting degree n in the expression (26) is equal to 1 (n>0), for this reason the function
®(P,t)= ®(P,t = const) may be considered as an element of the Hilbert space Hy(Z) of functions which are
harmonic outside the Bjerhammar sphere, hence for every t=const from ®(P,¢ = const)e H,(Z) the expansion

(26) is correct according to the Runge-Krarup theorem*).
It is evident also that Taylor’s expansion of the Gauss’ harmonic coefficients g,,,(¢), h,,() (by
neglecting terms of order two and higher) can be written
g,,m(t)} _ {gnm}Jr{g_nm }(t_to) , o7
Ry (1) Ry Ry
by analogy with the preceding expression (20). Then after the linear transformation (22) of the interval [c, d] into

the standard interval [-1, 1] (transport from time ¢ € [c,d ] to “standard time” z€[-1, 1]) by using the expressions
(21), (23), (24), and (25) we get immediately the following representation

. n+l n o
d(P,z) = RZ@] Z{Z( g cosmh+hE sinmh)-T, (z)}ﬁm (cos9), (28)

m=0 \ k=0
of the function CTD(P,Z) instead of the function ®(P,¢) and

Enm(Z)} i{g" }
S\ N & L () (29)
hnm(z) k=0 hylfm
So then, we may write

*) T. Krarup has gave in special discussion (Graz, 1996) a positive estimation of such applying Runge-Krarup theorem for a
description of the time-dependent geomagnetic field (in the frame of approximate treatment).
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Table 2. Gauss’ quasi-normalized coefficients of the static part of the geomagnetic field and their secular variations;
reference epoch #,=1765.0 yr.

n M gnm ’ [11’1 Y] hnm ’ [ln Y] gmn 4 [11’1 'Y/yr] hnm ’ [lIl 'Y/yr]
1 0 -33810 16.4
1 -3496 5046 10.6 223
2 0 579 -4.7
1 2494 802 3.9 -8.6
2 -1229 604 17.7 23.9
3 0 637 5.1
1 -269 -811 -2.6 -2.1
2 1286 268 3.6 0.7
3 -200 937 5.0 3.9
4 0 351 4.8
1 836 14 -5.0 3.7
2 431 -492 0.2 5.2
3 -125 -274 -0.8 -0.8
4 -154 -154 0.4 2.5
© 2k
gnm} e {g;n,; it ag = (d—c)2 . (30)
h”m k=0 hnm
gnm 2 Z k-1 { /2”1;_1
= (=D"" (2k-1) , €1y
hnm } (d - C) k=1 hfrrl;_l

and note that the equations (27), (28), and (31) admit the next interpretation. On the one hand, by simple using
Chebyshev’s coefficients of the even degrees we may compute now by means of (30) Gauss’ coefficients of the
“static” or “permanent” part of the Earth’s main magnetic field. On the other hand, the expression (31)
provides the temporal variations in potential coefficients of the main magnetic field, which connected here with
the certain sum (31) of Chebyshev’s coefficients of the odd degrees.

Starting from the famous fundamental work (Gauss, 1838), the Earth’s main magnetic field represents in
Gauss’ form (26), (27) for different reference epochs. The above formulae (28) — (31) provide the construction of
one analytical model (28) of the Earth’s main magnetic field on the ground of a preliminary defined time interval
t €[c,d]. Our first model was constructed for time interval [c=1845; d=1980] (Marchenko, 1998). In this study

we have used 12 sets of harmonic coefficients {g,,, #.,} for the following epochs: [c=1550 yr; 1600; 1650;
1700; 1750; 1800; 1845; 1900; 1922; 1945; 1965; d=1980 yr].

The approximation of each coefficient g,,(¢) or h,, () was made by applying (22), (29) and least-
squares technique. Figure 1, Figure 2, and Figure 3 demonstrate some results of this closest approximation.
Taking into account a preliminary nature of these investigations we decided to develop Chebyshev’s expansions
up to degree k=6 only for every coefficient g,,(¢) or h,,(t) separately. As a result, the following truncations

(1£n<4, 0Lk <6) of the constructed model (28) were derived and finally it consists of the coefficients

{g i:m ’hil;m }

Next, using (30), (31), we get Gauss’ coefficients of a permanent part of the geomagnetic field and their
secular variations (Table 2) for the time interval [¢=1550 yr, d=1980 yr] with the reference epoch (,=1765.0 yr).
The Figure 4 illustrates the declination of this “permanent part” of the Earth’s magnetic field. Thus, we have
considered, another way of looking at the description of the Earth’s main magnetic and gravitational fields that
caused by the following.

1. The uniform representation of the time-independent/time-dependent planet’s fields in a certain finite interval
of time.
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2. The possibility of a separation (in some generalized form) of the time-dependent and time-independent
consistencies of the planet’s potentials, which provides a simplification of direct problems (in a
mathematically homogeneous form).

3. Simplest introducing the conventional reference epoch t, and the corresponding computation of the
conventional time-independent “static” part of these potential fields for some epoch .

4. PLANET’S RADIAL DENSITY PROFILES

Returning to the expression (1) for Newtonian potential, we can see that all problems regarding the
etermination of a planet’s gravitational potential may be solved if the corresponding densi nctions
det t f a planet’s gravitational potential may be solved if th ding density funct
p(r',9',1") are known. In practice we have another or inverse situation: we want to determine these functions (to

take into account our poor knowledge about densities and some initial information about planets). First of all we
want to determine the planet’s radial densities p(7') for instance, from the solution of inverse gravitational

problem with an additional application of seismic data (Earth) and other geophysical data.

Recently, instead of the standard polynomial representation of a piecewise radial density some old
hypotheses were analyzed especially in view of Williamson-Adams equation (Bullen, 1975; Marchenko, 1999;
Marchenko, 2000). The latter leads to the special investigation of the hydrostatic/adiabatic Earth. Darwin’s law
(1884) of radial density was transformed to the so-called regular Darwin’s law and further to the famous
Gaussian distribution that was called the Earth’s density normal law. Roche’s density is treated as a truncated
Taylor series expansion of Gauss’ model (Marchenko, 2000; Marchenko, 2000a). In the frame of the
hydrostatic/adiabatic planet a remarkable possibility was found additionally (Marchenko, 2000a): the density at
the origin and seismic data at the boundaries of density jumps are sufficient to derive coefficients of piecewise
Gauss’ model (shell by shell).

Thus, the piecewise Gauss’ radial profile can be based on the differential correction of created before
Roche’s model. In addition, the initial iteration for coefficients of Gauss’ law can be provided by the seismic
data alone at the boundaries of the Earth’s jumps. The created radial profiles (continuous and piecewise) are in a
good agreement with the PREM-density model, including gravity distribution inside the Earth. For this reason
we decided to apply Gauss’ normal model for the representation and comparison of planet’s radial densities
profiles.
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Figure 1. Chebyshev’s approximation of the time-dependent coefficient go(¢) [in v].
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4.1. STRATIFIED PLANET AND AUXILIARY RELATIONSHIPS

First we shall assume the figure of a planet in form of a sphere with the certain mean radius R (see, Table
4). In such a formulation the planet’s radial density will be considered as a function p(¢) of one variable /
(0<¢<R). Since we use a sphere instead an ellipsoid with the flattening f =0, the gravitational potential
will be treated also as the gravity potential W (Moritz, 1990).

The planet mass M and its mean moment of inertia / will be chosen as observed data. For latter use, we
shall rewrite several well-known formulae in the case of a layered sphere of the radius ¢, restricted planet
masses. If a stratification of the Earth leads to its division into m shells, we shall represent a volume radial
density by one model within every shell separately

p,(¢),i=1.2,..m. (32)
with a suitable mathematical representation of the functions (32). Then we shall consider these relationships for a
spherical stratified Earth. Expression for the mass can be written now as

m=1 i ¢
M(t)= 4nz Ipi(x)xzdx+ .[pm ()xdx (0, =0), (33)
=y [
and the mean moment of inertia will be represented in the similar way
m—1 i ¢
10="5 Y [rortars [puxtas| (1,0, (34)
=y ¢

“m-1
where dx is the element of a line. The mean density D( /) and the gravity inside a planet admit the following
representations

3
D(/)=
©) 4. 03

g(z):4'§'Gé-D(z). (36)

M(r), (35)

In the case of the Earth we shall use the seismic velocities ¥, and V; as well-known function
@ = (1) =1 (1) - 310 67

by applying their grid values in accordance with the PREM-model (Dziewonski and Anderson, 1981) that reflect
the results of seismic radial tomography of the Earth interior.

Assuming that such a piecewise density model must fulfill some basic differential equations, our nearest
goal will consist of the computation of the integrals (33), (34) after the choice of an appropriate mathematical
expression for the density distribution within each shell. The separation of the spherical planet into convenient
shells has to be choice at those spheres, where discontinuities in the parameter @ or in its derivative can be
observed.

4.2. AUXILIARY RELATIONSHIPS FOR GAUSS’ DENSITY MODEL
Note again (Marchenko, 2000a) that Gaussian distribution for radial density

p(£) = poexp(-Bx?) , (B = const) . (38)
represents a partial solution of Williamson-Adams equation

dinplt)  g(0) (39)
dl ()

where x is the dimensionless “radius-vector” x =//R regarding to R; p, = const and may be considered here as

the density at the origin. So, instead of polynomials we come in (38) to the functional dependence for radial
density as an exponential function. This dependence admits the next remarkable expressions for the mass and the
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mean moment of inertia

3 2 3
y(e) =m0’ el (§-x) —ip(é)}, 1) =R—2{M<f)—ﬂp(f)} : (40)
p 48 2pg B 3
where erf(z) is the integral of the Gaussian distribution from 0 to z or the probability integral with the normal
density distribution according to (38).
If a suitable stratification of the Earth gives its division into m shells, then we try to represent the density
distribution by one Gauss’ model within every shell separately

pi(ﬁ)zoci exp(—B,-zxz),i= 1,2,...m. (41)
Inserting (41) into (33), (35), and (34) we get finally the recurrence formulae for computations of the mass,

the mean density and the mean moment of inertia, respectively
Ml,m (é): Ml,m—l (ém—l )+Mm (f) ’ (gm—l <i< gm) ’ (42)

3
Dl,m (f):( ’2_1) Dl,m—l(fm—l)-'_Dm(é) s (43)

Il,m (g)zll,m—l (fm—l)—f_[m (f) > (44)
where every integral in (33), (34) may be expressed by means of the auxiliary relationships

1

Ve, -x;)  x,
(0= [ P B ) 45
Wz( 1) |: 4[‘3[ 2pi71 pl( l) > ( )
47:0ciR3
M == v =via )] Mu(O=¢,0) (46)
3
D,(1)= 3;‘2; v (D =vs (4] 5 Dy (0)=Dy(8) 7)

R? 4.1-03 4-75-613._
L (E):B_z{{Mi “)‘Tpi (é):|_[Mi (£ )_Tlpi (i) [ > D () =1,(0), (48)
starting from the first shell (0</¢<¢,). In these formulae ¢ ; (j=12,...m—1) are the fixed radius-vectors,

where discontinuous of the radial density are presupposed. The recurrence formula for gravity is based on the
expressions (36) and (43):

4.n-G
gl,m(g): EDl,m(f) H (Emfl Sﬁﬁfm) : (49)
For the recurrence formulae of the seismic parameter @ and its jumps we shall find
dlnp,(¢) ‘
40Pt __op, L 50
0 p 2 (50)

Further by applying (50) and Williamson-Adams equation (39) for the piecewise model (41) after some
manipulations we get

2 ‘ GM,,, (!)-R*
0un )= Bt (2 st o0, PO (250 o
. . . 5
@)=l O wi ] @ ()= (0) s st (52)

By the definition (37) of the parameter @ we come to the remarkable ratio

2
®Li—(€f):Bi_§1>() ,i=1,2,..m, (53)
(Dl,i+1(€j) ¥

which must be positive for each boundary of two shells.
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Table 3. The Earth’s piecewise Gauss’ density model (m =7 )

Shell o, Initial iteration ; | Final iteration f3; 4 i km Density jump

1 13.061 0.8248 0.8280

2 12.483 0.8171 0.8611 1221.5 0.587
3 6.370 0.6100 0.6772 3480.0 4.465
4 6.058 0.6308 0.7165 5701.0 0.392
5 5.784 0.6437 0.7523 5971.0 0.329
6 6.057 0.6984 0.8066 6151.0 0.084
7 6.622 0.8548 0.9530 6346.6 0.520

Finally we can compute the seismic jump of ® at the j - boundary as

G-My(£;)R[ 1 1
Aq):Aq)'/*'l:(D'(E')_(D'-H(g'): — — = .
1, 1 J 1 J 2/63/ Blz Blz+1

This formula may be used also as the additional condition between the coefficients of every shell, because the
left-hand side of (54) is known from seismic data. Auxiliary relationships of the same type for piecewise
Roche’s model can be found in (Marchenko, 1999).

(54

4.3. THE EARTH’S PIECEWISE GAUSS’ MODEL
Further a process of the differential correction for the creation of piecewise Gauss’ model was applied. The
density at the origin according to Gauss’ model is depended on the observed ® as
2-m-G-R®
3-Bf
where @,(0) corresponds to the first piece of the seismic data @ at the origin. According to the stratification of
(Marchenko, 1999) we get i =1,2,...m =7 pieces (see Table 3). Next, taking into account (53) and (55), after

®,(0)=- Po > (35)

simple manipulations the following formula may be written
B - 2nGR?py @1(£1) P, (£5) @5(¢3) Py (£e1)
m
30,(0)  @5(£,) @3(¢;) @y (05). P, (¢, )
which leads to a new remarkable conclusion:
H If a planet density is known at the origin, the seismic data @ at the boundaries of a planet jumps are sufficient

; (56)

for the independent determination of the coefficients (56) of the piecewise Gauss’ model.

Thus, the formula (56) can be applied to the computation of these coefficients B;. (It is evident, that the

same approach may be used for their determination, starting from the density at the Earth’s surface). In this
paper we shall use the equality

o;=a; , 57
for the computation of the coefficients a; of the piecewise Gauss’ model, which were adopted on this step as the
fixed values according to the previous Roche’s model (Marchenko, 2000).

In fact, the coefficients B; corresponded to (56) and (57) yield the Gaussian density denoted below (see,
Figure 5, Table 3) as “initial iteration” for such model. The final version of Gauss’ radial density is denoted in
the Figure 5 and Table 3 as “final iteration”. This model was constructed by means of the linearization of
necessary equations and direct approximation of the observed seismic data @ in accordance with (Dziewonski
and Andeson, 1981).

Solution of the mentioned non-linear inverse problem was based on the expressions (41)-(54) and 3
additional conditions for the Earth’s mean density, the mean moment of inertia, and the surface density, which
was adopted here as for the piecewise Roche’s model: p,=2.67 g/cm’. Differences in the Table 3 between the
initial and final versions of the coefficients B; of Gauss’ models may be treated for every pieces by the well-
known fact: the Earth’s radial density satisfies to Williamson-Adams equation better and better with decreasing
of the parameter ¢.
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Table 4. Fundamental astronomical and geodetic constants of the planets

Planet Mercury  Venus Earth Moon Mars Jupiter  Saturn  Uranus  Neptune
Radius (km) 2439 6052 6371 1738 3390 71398 60000 26145 24700
Mean density (g/cm’) 5.44 525 5514 3344 3.94 1.334 0.69 1.26 1.67
Mean moment of inertia | 0.324*  0.334"  0.3298 03957  0.364 0.28" 0.26° 0.27° 0.27°
Surface density (g/cm3) 33 2.8 2.67 3.08 2.7 0.35 0.36 0.3 0.3

4.4. THE PLANET’S RADIAL DENSITY DISTRIBUTIONS

Finally we shall characterize some properties of the planet’s radial density profiles on the ground of the
continuous Gauss’ density distribution (as one shell) and come back again to three standard conditions listed in
(Moritz, 1990). After the transformation of (40) to the dimensionless moment of inertia /, = I / MR?* we get the
simplest relationship

I, = Biz[l —%} , (58)
between the planet’s mean density D, the moment of inertia 7,, and the surface density p,. This formula provides
for our non-linear inverse problem the remarkable closed expression

p={1-8 (59)

1, D
for the determination of the coefficient B of continuous Gauss’ density model.

Thus, we come to the sequential solution of the non-linear inverse problem by means of two closed
expressions for 2 basic parameters. The first one is the qualitative characteristic (59) of the global density
distribution, which based on our knowledge of the planet mean density, the mean moment of inertia, and density

on the planet’ surface. For instance, this parameter for the Earth will be equal to § = 1.25022 (if initial data are
taken from the Table 4).
The second one is the quantitative characteristic

p
12
8
auss' model:
- initial iteration
4
Gauss'model:
| final iteration
PREM model
0 \ ' \ ‘ \
0 2000 4000 6000 km

Figure 5. Comparison of the PREM-density p [g/cm’] between initial and final Gauss models.

* The sign * denotes the computation of the planet’s mean moment of inertia on the basis of Radau — Darwin theory.
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__4BDexpp’)

P T 3V -exp(B?) -erf(B) - 2)
which was derived on the ground of the expression (47) for Gauss’ mean density. Note that the determination of
2 parameters of the continuous Roche’s model is based traditionally on the mean density D and the mean
moment of inertia /;. As a matter of fact, in the case of the continuous Gauss’ density model with 2 parameters
all these 3 conditions can be replaced by one relationship (59) for the qualitative characteristic B of the planet’s
normal density distribution. The quantitative characteristic p, now is the non-linear function (60) of the
computed 3 and the planet’ mean density.

The solution of (59)—(60) provides finally the density at the centre of the Earth mass p,= 12.919 g/cm’, and
a remarkable agreement of p,=2.67 g/cm’, the mean density D and the mean moment of inertia 7, Such model
is in a good agreement with the continuous Bullard’s model (which has 3 parameters) and its represents best of
all the global trend of the piecewise PREM-model. This fact leads to the idea to apply Gaussian distribution of
density for another planets, where seismic data for the stratification or tomography of a planet interior are absent.

Our initial information about the mean density, mean moment of inertia, and surface density are collected
in the Table 4 and based on determinations of planet’s masses, in particular, by means of different satellite and
spacecraft programs. A main part of these data about numerical values of mean moment of inertia was computed
on the basis of Radau — Darwin theory, (Bullen, 1975; Moritz, 1990, etc.), because observed information is
doubtful or absent.

(60)

Bullard's model

12 —| PREM model

Roche's model

Gauss'model

0 \ \ I
0 2000 4000 6000 km

Figure 6. The Earth’s radial density profiles regarding the piecewise PREM-density p [g/cm’]
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Table 5. Basic parameters of Roche and Gauss models of the planets radial density

Planet A (g/em’) b (g/cm’) p=atb (g/cm’) B P, (g/cm’)
Mercury 10.866 -9.044 1.82 1.102 10.701
Venus 9.798 -7.580 222 1.182 11.332
Earth 10.582 -8.446 2.14 1.250 12.919
Moon 3.531 -0.312 3.22 0.447 3.764
Mars 5.841 -3.124 2.72 0.937 6.537
Jupiter 3.435 -3.501 -0.07 > ? 1.623 5.067
Saturn 1.958 -2.113 -0.16 » ? 1.356 1.845
Uranus 3410 -3.593 -0.17 > 7? 1.680 5.166
Neptune 4.519 -4.749 -0.23 »? 1.743 7.458
16 8
3 3
p (g/cm i Earth p (gcmi Neptune
12 — 6 —|
8 — 4—|
/Mercury
4 — 2 —
_j\ Saturn
_|  Moon 4
km
0 \ \ ! 0 l \ ! ‘
0 2000 4000 6000 0 20000 40000 60000
Planets of the Earth’s type Giant planets
Figure 7. Gauss’ radial density distributions inside the Moon and the planets
12 40
Gravii Gravity ;
(kar? /Styz) Earth| (1’ /s%) upiter
7 Venus
30
8
i 20 —
Neptune Saturn
Mercury
4
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0 | | | 0 | ‘ —
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Planets of the Earth’s type Giant planets

Figure 8. Gravity inside the planets according to the gaussian distributions
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Because a surface density may be considered as most unreliable parameter we decided to build the
corresponding continuous Roche’s models, based on the mean density and the mean moment of inertia only with
further computations of Roche’s surface density (Table 5). The examples of the Earth and Venus (observed pg)
lead to the conclusion that Roche’s surface density is rather smaller (excluding the Moon) than observed values
near 0.5-0.6 g/cm’. This fact was used as additional information for the creation of Gauss’ models. For instance,
the case of giant planets leads, in accordance with Roche’s models, to the negative surface densities and some
additional geophysics data were chosen for all such doubtful information (Bullen, 1975).

The results of the creation of the general Gaussian trend of density distributions can be found in Table 5
and Figure 7. Figure 8 reflects the gravity distributions inside the planets, which are corresponded these
Gaussian density profiles. Finally we note that all continuous models are in a good agreement of well-known
piecewise density planets models and for this reason they can be considered as some “ideal” radial densities in
the frame of hydrostatic/adiabatic theory. The reader is invited to analyse these results.
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