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A special solution of the Laplace equation and the vase functions
for the description of the planet’s gravitational field

R. Fotza, O. Abrikosov

State University “Lviv Polytechnic”, Ukraine

A set of linear harmonic functions was obtained as a special solution of the Laplace equation and was
used as a basis of the non-orthogonal functions for approximation of the gravitational potential.
Maxwell method was applied to the construction of such a set of the linear harmonic functions.
Resulting formulas were obtained in the form of the finite sums that provides the practical
constructions of a new set of linear harmonic functions for global and regional gravity field
description.

CIHIELJHAJIPHOE PELIEHUE YPABHEHHA JIAIIVIACA H FBA3HCHBIE ®YVHKIIUH JVIA
AIITIPOKCHMAILIHH I'PABUTAIJHOHHOI'O IIOTEHIJHAJIA IIVIAHET, ®@oya P., A6puxocoe O. —
6 Kayecmee HEOPMO2OHANbHBIX OA3UCHBIX QYHKYUU ONS  GRAPOKCUMAYUU  2DAGUMAYUOHHO2O0
ROMeHYUANA NIAHem UCNONb3YeMCs CeMeliCMB0 JUHEUHBIX 2APMOHUYECKUX PYHKYUU, NOLYHEeHHbIX HA
OCHOBAHUU CHeyuansrHo2o pewenus ypaenenus Jlannaca. Jns ux nocmpoenuss ucnonb3o6amn memoo
Maxceenna. [lonydennsvie makum o06pazom @opmynvi, 6 6uoe KOHEYHbIX CYMM, HNO380NIIOM
npaKmu4ecKu pearu306ams NOCMPOEHUE HOBO20 CeMelicmea IUHEUHbIX 2APMOHUYECKUX QYHKYUH 015
UCNONL306ANUS NPU  ANNPOKCUMAYUU 2ZPABUMAYUOHHOZ0 NOMEHYUANa nianem 6 2r00aNbHOM U
PecUOHANbHOM MACUMAOAX. '

CIENIAJIBHUH PO3B’S30K PIBHAHHA JIAIIIACA TA FBA3HCHI OVHKII 1A
AITPOKCHMAILJII TPABITAI[IHHOI'O IIOTEHIJIAJTY ITJIAHET, @Doya P., Abpuxocoe O. — B
AKOCMI HeOpMO20HANLHUX BA3UCHUX QYHKYIT ONs anpokcumayii epasimayitinoeo nomenyiany nianem
BUKOPUCMAHO CIMEUICME0 NIHIUHUX 2APMOHIYHUX QQYHKYIH, OMPUMAHUX HA OCHO8I CheyianbHO20
po36 ’a3ky pienanna Jlannaca. [{na iozo nobyoosu euxopucmano memoo Maxceena. Ompumani maxum
YUHOM POpMYNU, Y 6U2NA0I CKIHYEHUX CYM, O03601510Mb NPAKMUYHO peanizyeamu nobyoosy HOE020
cimeticmea NHIUHUX 2aPMOHIYHUX QYHKYIU ONA BUKODUCMAHHS NPU ANPOKCUMAYii 2pasimayiinozo
nomenyiany naanem 6 2100a1bHOMY i Pe2iOHANbHOMY MACUMABAX.

For the global approximation of the gravity potential of the Earth, the Moon and other planets
the series of solid spherical harmonics are used traditionally. Additionally today the non-orthogonal
base functions, especially potentials of non-central radial multipoles are used also for the regional
gravity field approximation. Below we shall consider some aspects of the gravity field approximation
by a set of non-orthogonal base functions.

In (Hobson, 1931) the special solution of the Laplace equation was derived. In the central case
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Fig.1 To the explanation of the formula (1)

this solution may be written as
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where #; is the distance from fixed point i to current point P; ¢ is the angle between the directions Qi
and iP (see Figure 1),
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and ; is the distance from fixed point O to the current point P, d is the distance from point O to point
i, is the angle between the directions OP and Oi. The function  is the harmonic function in the
outer space .

For construction of the set of base functions which based on the special solution (1) of Laplace
equation we shall apply the method of Maxwell. This method is based on the fact that if a solution of
the Laplace equation is known then any outer solutions may be derived by means of appropriate
differentiating of it with respect to rectangular coordinates. In our case such differentiation may be
replaced by the differentiation with respect to the direction d;.

Let Qn is the polynomial, which was obtained by n-times differentiating of the expression (1)
with respect to the direction d;
Qn 10 {—l—lnr" +r,cos<p}
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According to the Leibnitz formula we can write he expression (3) in the form
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where C,” are the binomial coefficients
(n - 1)! :
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Besides, let

Vo =1/r, (6)

is the potential of non-central radial multipole of zero degree and let ¥, is the potential of the
multipole of degree »: :
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Then
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On the basis of these expressions we can derive
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Application of Leibnitz formula to the expression (11) yields
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The derivative of order m of cos ¢ with respect to d; may be expressed as

m

T cosp=mlV r,cosp-V, ,]. (13)
Let us denote
L= 0 lnr,.+r,.czoscp . (14)
od;” 2r,
Taking into account the expressions (8), (13) and (5) we can write the expressions for L,
L ki g +r Cos P (15)
212 ’

1

L,=—(n- 1){V_,+2Z et ( —-er,.COS(p)} (n>0). (16)

On the basis of the formulas (4), (8) and (14) we can write the final expression for Qn of
arbitrary degree n:
Z ' n-m m N (17)

Here L,, may be computed from (15), (16) and V,,_,,, — from (6), (7).

Obtained formulas leads to a theoretical construction of new set of harmonic functions (3) for
further approximation of the gravity potential. The normalized Q, for n=0,1,...5 and d, =0.7 are
llustrated by Figure 2.
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Figure 2. Normalized functions QN,, ((p) forn=1,2,3,4,5and d, =0.7
1. Hobson, EW. (1931). The theory of Spherical and Ellipsoidal Harmonics, Cambridge.
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